We continue the study of entanglement entropy for a QFT through a perturbative expansion of the path integral definition of the reduced density matrix. The universal entanglement entropy for a CFT perturbed by a relevant operator is calculated to second order in the coupling. We also explore the geometric dependence of entanglement entropy for a deformed planar entangling surface, finding surprises at second order, and suggesting the presence of 'non-perturbative' contributions.
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Introduction
The study of entanglement entropy is a rapidly developing field with applications in a broad range of contexts [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . The utility of entanglement entropy, as well as the simplicity of its realization in holography [8] , suggests it has deep underlying structure hidden within it. It is therefore desirable to have a field-theoretic understanding of entanglement entropy based on first principles. In particular, one would like to calculate the dependence of entanglement entropy on the couplings of the theory as well as on the shape of the entangling surface and the background geometry. Entanglement entropy is given by the von Neumann entropy of the reduced density matrix for a subregion. The vacuum of a quantum field theory (QFT), and in turn the reduced density matrix, can be defined by a Euclidean path integral. This suggests that one can study the change in the reduced density matrix induced by a deformation of the theory through a perturbative expansion of the action within the path integral. One can then find the resulting change in the entanglement entropy though a perturbative expansion of the von Neumman entropy of the density matrix. Through a proper choice of coordinates, one can treat geometric perturbations in a similar manner. In [11] [12] [13] such an approach was initiated, giving expressions for entanglement entropy in terms of correlation functions. It should be emphasized that these correlation functions are evaluated on the original Euclidean manifold. Unlike the replica-trick method [4, [14] [15] [16] , this computation avoids the technical challenges of computing correlation function on a replicated manifold.
In this paper we continue the approach of [11] [12] [13] 1 , finding the change in the entanglement entropy to second order. Throughout we perturb around a CFT and a planar entangling surface in flat space. One of our main new technical results is a calculation of the universal part of entanglement entropy for a general CFT perturbed by a relevant operator, up to second order in the coupling. This result may help in better understanding c-theorems and RG flows [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] .
In Sec. 2 we consider a theory deformed by a relevant operator, finding the dependence of entanglement entropy on the coupling of the operator. In Sec. 2.1 we review how to compute entanglement entropy perturbatively in the coupling, leading to an expression for the entanglement entropy in terms of correlation functions involving the stress-tensor and the relevant operator. In Sec. 2.2 we warm up with a simple example: the entanglement entropy for a free massive scalar, where the mass term is treated as a relevant perturbation of the massless theory. Then in Sec. 2.3 we consider a general CFT deformed by a relevant operator O of dimension ∆, with a small coupling λ. An explicit expression for the universal entanglement entropy is found in terms of ∆ and d, up to second order in the coupling λ.
In Sec. 3 we consider the entanglement entropy for a CFT for a deformed entangling surface and weakly curved background. We first review how through an appropriate choice of coordinates adopted to the entangling surface (essentially a generalization of Gaussian normal coordinates), one can package both the change in the shape of the surface, and the background curvatures, into a metric perturbation h µν . Thus, one can regard geometric perturbations as a change in the action of the field theory. The perturbative expansion then proceeds in a largely similar manner as in the context of relevant perturbations. At first order in the metric deformation, perturbative results [11] are in agreement with results in the literature [16, 32] . At second order, the situation is more subtle. Rather than doing the explicit second order calculation, we analyze on general grounds the structure of the possible result. Specifically, we consider all possible con-tractions of h µν consistent with symmetries. Demanding the terms in the perturbative expansion sum into a quantity consistent with reparameterization invariance along the entangling surface is sufficient to demonstrate that it is not possible for the result to fully agree with Solodukhin's expression [32] for the entanglement entropy for a 4 dimensional CFT for a general entangling surface and general background. In particular, the relative coefficients of several of the curvature terms can not agree. The result of [32] was obtained through a combination of general arguments and holography, as well as squashed cone techniques [15, 16] , and checked holographically in [33] . Our faith in Solodukhin's expression leads us to believe that the only reconciliation is the presence of a 'non-perturbative' boundary term which gives an additional contribution to the entanglement entropy. Speculations to this effect can be found in the Discussion 4.
Relevant Perturbations
The goal of this section is to find the dependence of entanglement entropy, S, on the coupling λ of some relevant operator O (see Eq. 2.10). For a planar entangling surface in flat space we explicitly carry out the relevant integrals of the correlation functions, finding S to second order in λ (see Eq. 2.33).
A perturbative expansion
Let us consider a general QFT that lives on a d-dimensional Euclidean manifold M equipped with a Riemannian metric g µν . The action of the field theory is given by I(φ, g µν ), where φ collectively denotes all the QFT fields. For simplicity we assume that the system resides in the vacuum state |0 .
Consider now an arbitrary subregion V of the manifold M. The reduced density matrix for this region is obtained by tracing out the degrees of freedom associated with V -the complement of V ,
The right-hand side of (2.1) serves as the definition of the modular Hamiltonian K. The entanglement entropy is defined as the von Neumann entropy of the reduced density matrix,
The vev on the right-hand side can be regarded as a Euclidean path integral over the entire manifold with insertion of K along the cut C through the subregion V . This cut C corresponds to a subregion of some constant time slice where the modular Hamiltonian is defined. We are interested in finding the dependence of S on λ. We therefore take derivatives of (2.2) with respect to the coupling λ associated with O,
where · · · denotes the vev, KO(x) is a connected correlation function, and O stands for the integral of the local operator O(x) over the entire manifold. The second term on the right-hand side vanishes since, by assumption, K is such that the density matrix is normalized,
Hence, we have the entanglement flow equation [12] 
Now taking a second derivative with respect to λ yields,
Substituting these results into a Taylor expansion of S we obtain,
The above expression is completely general since no assumption has been made about the unperturbed theory, or the geometry of the background and the entangling surface. Of course, in general the modular Hamiltonian K is unknown.
An exceptional case is that of a planar entangling surface embedded in flat space, for which the modular Hamiltonian is proportional to the Rindler Hamiltonian,
where Σ is the entangling surface and x 1 , x 2 are orthogonal to Σ. Since the dependence of the stress-tensor on λ is of the form,
where T 0 µν is the energy-momentum tensor of the theory with λ = 0, we have that for a planar entangling surface, the derivative of the modular Hamiltonian in (2.7) can be replaced with O.
2 Thus we have, 3 4 δS = − OK δλ + (δλ)
The rest of the section will focus on explicitly evaluating (2.10).
Warmup: free massive scalar
A simple context in which to test (2.10) is that of the entanglement entropy for a massive free scalar field φ. Regarding the mass term as a deformation of the massless theory, we have O = φ 2 with coupling δλ = m 2 /2. In even spacetime dimensions, the entanglement entropy contains a logarithmic divergence which does not depend on the details of the regularization scheme, and is therefore regarded as universal. For the scalar field, this universal part of entanglement entropy takes the form [26, 34, 35] , 11) where A Σ is the area of the entangling surface and d is the spacetime dimension. In 4 dimensions, S ∼ m 2 A Σ log(mδ) and can therefore be found from the linear term in (2.10), see [13] . Here, our interest is to test the quadratic term in (2.10). Since in 6 dimensions, S ∼ m 4 A Σ log(mδ), we can therefore use (2.10) to recover (2.11) in 6 dimensions.
Evaluating (2.11) amounts to simply preforming some integrals of correlation functions of a free massless scalar field theory. For the canonically normalized scalar field, the two-point functions are, 12) where
is the solid angle. The canonical energy-momentum tensor is
Now using (2.12) and (2.13), it follows through Wick contractions that
Similarly, the three-point function is
The two terms in (2.10) that we need to evaluate are KOO and OO . We start with OO ,
The integrals on the right-hand side exhibit both UV and IR divergences. Indeed, using the translational symmetry of the measure and the two-point function (2.12) yields,
If (2.17) were true, then the final answer in 6 dimensions would be given by a product of an IR divergent volume and a UV divergent integral. However, given the divergent behavior of the initial integral (2.16), it is apparent that the manipulations leading to (2.17) are too naïve.
To disentangle the divergences, we first exploit the rotational symmetry in the transverse space to the entangling surface to rewrite (2.16) as [13] 
where we introduced a UV cut-off δ and an IR cut-off m −1 to regularize divergences of the integral. We now turn to the KOO term in (2.10), which can be written as, 
Thus, combining (2.10) with (2.19) and (2.21), we finally obtain 22) matching the known result (2.11).
Perturbed CFT
We now turn to evaluating (2.10) for the general case of a CFT deformed by a relevant operator O of scaling dimension ∆, 23) where I 0 is the CFT action. For a CFT, the correlator T µν O vanishes. Correspondingly, KO vanishes, as K ∼ T µν for a planar entangling surface (2.8). Therefore, the first nonvanishing contribution will occur at second order in λ. The CFT correlation functions which will be relevant are [36, 37] 
and
, X
Equipped with these correlators, we turn to explicitly evaluating (2.10).
We start with the two-point function of O
The integrals should be carefully treated due to the IR and UV divergences that may interfere. Hence, we first exploit the rotational symmetry inherent to the entangling surface to rewrite the above correlator as [13] OO = −(2π)
(2.28) Next, we carry out the integrals overȳ, y andx 1 . The final result takes the form
where we introduced an IR cut-off = λ
(2.30) The integrals in the above expression can be evaluated using (2.25) and (2.26); the details are in Appendix A . The result is
Substituting this result and (2.29) into (2.10) yields,
(2.32) The universal divergence emerges at second order in the relevant coupling λ if and only if the scaling dimension of O(x) is ∆ = (d + 2)/2. In this case
Eq. (2.33) is one of our main results, expressing the universal entanglement entropy that arises from a relevant deformation of a CFT, for a planar entangling surface. A few comments:
• The result is valid for any CFT deformed by a relevant operator. Remarkably, its form is independent of what the CFT is. This property is inherited from the universality of the 3-point function T µν OO . Furthermore, (2.33) is valid in both the weak and strong coupling regimes.
• Eq. (2.33) reproduces the known results for the special case of massive free fields (see Appendix B).
• An analogous expression to (2.33) was obtained holographically in [38] . There are qualitative similarities, in that the holographic computation also found that the first correction the relevant operator induces occurs at second order. In the current framework this is manifest, resulting from the vanishing of T µν O . Unfortunately, a general quantitative comparison is not possible since within a holographic framework, distinguishing the operator from the coupling requires specific information about the boundary theory.
• Eq. (2.33) is more general than may appear. Although (2.33) was derived for a specific geometry, it will in fact be a contribution to the entanglement entropy for a slightly perturbed CFT for any background and any entangling surface. This is simply a manifestation of the fact that any entangling surface and any background look flat in a sufficiently small neighborhood of the surface.
• Eq. (2.33) was derived for a relevant perturbation of a CFT. Nothing in the formalism requires deforming around a CFT. One can repeat the computation, deforming around any theory, provided one knows the low point correlation functions, (2.24) and (2.25).
Geometric Perturbations
In Sec. 2 we studied the universal entanglement entropy for a CFT deformed by a relevant operator. In this section, the focus is on geometric deformations, resulting from either a slightly curved background, or a slight deformation in the shape of the entangling surface. Through a proper choice of coordinates adopted to the entangling surface, both deformations can be regarded as a perturbation, h µν , of the flat Euclidean metric [11] . At linear order, the change in the action is
T µν h µν . 8 As a result, in many respects geometric and relevant deformations are similar. There are, however, important differences: the action depends non-linearly on h µν , which in turn is a non-constant function on M.
The first order calculation for geometric perturbations was carried out in [11] . In this section, we find on general grounds the possible form of the second order contribution, and compare it with [32] . The explicit computation of the second order contribution is relegated to Appendix C.
A perturbative expansion
Let us consider a given entangling surface and background, (Σ, M), that undergoes a slight deformation. As argued in [11] , one can find a foliation of the space such that the details of any geometric perturbation are encoded in the coefficients of a Taylor expansion of the metric in the vicinity of Σ. In particular, any small deformation of the geometry induces a small change in the coefficients of such an expansion. Therefore, splitting the metric into a background part g µν and a small perturbation h µν is welldefined.
Moreover, since the UV divergences of entanglement entropy are local, only being sensitive to the quantum fluctuations in the vicinity of Σ, such an expansion of the metric is enough to evaluate the variation of the universal entanglement entropy. In our case, the unperturbed geometry corresponds to a planar Σ in flat space. Hence, g µν = δ µν and [11] 
Here δγ ij and K aij represent deformations in the induced metric on Σ and the associated extrinsic curvatures, respectively, while R µνρσ denotes the background Riemann tensor. 8 The energy-momentum tensor is defined by
The vector field A i lives on the surface, and is analogous to a Kaluza-Klein gauge field. Note that δγ ij , K aij , R µνρσ and A i are non-constant tensors on Σ that contain at most two derivatives of the background metric, whereas higher order terms in (3.1) include at least three derivatives. To leading order, δγ ij , K aij , R µνρσ and A i are linear in a small parameter that characterizes a given geometric deformation. Therefore, to second order in the deformation, the change in the entanglement entropy is given by,
Our main interest in what follows is to find the universal (or logarithmic) divergence of entanglement entropy for a CFT in four space-time dimensions. Furthermore, since our goal is to try to recover [32] , we are interested in the contribution to entanglement entropy that is exclusively a local geometric combination of the background and extrinsic curvatures. As the entangling surface is two dimensional, by dimensional analysis, the only terms that can appear are two-derivative terms: the background curvature and quadratic combinations of the extrinsic curvatures. As a result, the terms explicitly presented in (3.2), combined with (3.1), are enough to capture the structure of universal entanglement entropy in four space-time dimensions.
From a computational point of view, one starts with (3.2) and integrates out a two-dimensional transverse space, only keeping track of the logarithmically divergent contribution. By construction, the linear term in (3.2) will generate a local contribution to the universal entanglement entropy, whereas the contribution of the second term is in general not local, as the h's are evaluated at different points. That said, a local contribution will emerge if the second variation of S contains a delta function which identifies the arguments of the two h's, and this is the form we will assume. 
Geometric structures
Let us consider the possible structures on the right-hand side of (3.2). We have both rotational and translational symmetry along the entangling surface Σ, while the admissible tensors in the transverse space are δ ac and x a . Thus, the most general form of the first and second variations of entanglement entropy are,
where
represents the radial distance in the transverse space, and in the last two equations we suppressed all terms which will not give a local contribution to the entanglement entropy. Substituting these general expressions into (3.2) gives,
where we suppressed O(h 2 ac ) and O(h 2 ai ) terms since they do not contribute to the universal entanglement entropy.
10 Using (3.1) we get,
where δγ = δ ij δγ ij , and we have suppressed terms, such as δγ ij A i A j , that are cubic in the small parameter of deformation.
As mentioned earlier, the A i A i term appearing in (3.5) is a gauge term and can not contribute to δS: it must be canceled by a similar contribution from the O(h ai h ai ) term in (3.2). Terms linear in the extrinsic curvatures K a ij are also irrelevant: they have only one derivative while dimensional analysis requires two-derivative terms. Hence, combining (3.4) and (3.5), we get the general structure for the (local) universal 10 Indeed, according to (3.1) the O(h 2 ac ) term has four derivatives and thus cannot contribute to the logarithmic divergence in four dimensions, whereas O(h 2 ai ) is quadratic in the gauge field A i , and hence its net contribution must vanish.
11 From the computational point of view, these terms vanish since the integrand in (3.4) is odd for these terms. Furthermore, extrinsic curvature is sensitive to the orientation of the surface while entanglement entropy is certainly orientation independent. entanglement entropy in four dimensions
where δ is the UV cut-off and we used
where is a characteristic scale of the deformed geometry. Now, the explicit first order calculation [11] found that α 2 = −3α 1 = −c/(2π 2 ), with c being the central charge of a CFT defined by the trace anomaly,
where C µνρσ is the Weyl tensor and E 4 is the Euler density in four dimensions. To fix the remaining coefficients α 4 , α 5 and α 6 , we note that the terms in (3.12) should combine into an expression that is manifestly invariant under diffeomorphisms restricted to the entangling surface. For instance, the α 2 and α 6 terms should combine into an expression of the form d 2 y √ γδ ac δ bd R abcd log( /δ), and this fixes α 6 = α 2 /2. The coefficients α 4 and α 5 are fixed similarly,
Substituting into (3.6) yields,
where √ γ = 1 + δγ/2 and γ ij = δ ij − δγ ij . The combination of extrinsic curvatures on the right-hand side can be re-expressed using the Gauss-Codazzi relation,
where R Σ ikjl is the intrinsic curvature of the entangling surface. In particular, we obtain
12 α 3 and α 7 do not contribute since
where the topological term R Σ was discarded in the last equality since it is insensitive to perturbations, and we also made use of the definition of the Wely tensor,
Our result (3.12) should be compared with Solodukhin's general expression for universal entanglement entropy across any surface for a four-dimensional CFT [32] 
where the last term in (3.14) is topological and, since it is insensitive to perturbations, can be ignored in comparing with (3.12). Clearly, there is discrepancy at second order between (3.12) and (3.14), with (3.14) having additional extrinsic curvature terms. A few comments:
• Eq. (3.12) was derived on general grounds, with essentially the only assumption being that universal entanglement entropy can be written as a perturbative expansion. Eq. (3.12) was found through consideration of all possible contractions of the metric perturbation h µν consistent with symmetries. Demanding the result be reparameterization invariant along the entangling surface imposed constraints (3.9) on the coefficients of the possible contractions. After integration over the transverse space, the relative coefficients of the terms R iacj δ ij δ ac , K a K a , and K a ij K ij a are completely fixed. The result, however, is not in full agreement with (3.14).
• Two of the coefficients, α 1 and α 2 , are not fixed by any consistency conditions. Nevertheless, an explicit first order calculation [11] reveals that they are in agreement with (3.14). It is therefore interesting that (3.12) and (3.14) agree at first, but not at second, order. It is even more intriguing that (3.12) is Weyl invariant.
• While the arguments for (3.12) appear robust, there is at the same time a great deal of evidence for (3.14). Eq. (3.14) was originally found [32] by demanding that the universal part of entanglement entropy be Weyl invariant, 13 and combining that with use of Ryu-Takayanagi to fix some of the coefficients in (3.14). Eq. (3.14) was later rederived through squashed cone techniques [16] . Furthermore, (3.14) has undergone holographic [33] 14 and numerical [35] tests.
Discussion
This paper has continued the approach of perturbatively computing entanglement entropy within quantum field theory. The starting point of the perturbative expansion is theories and entangling surfaces for which the reduced density matrix is known. For instance, one begins with a CFT and a planar entangling surface in flat space. One then computes the entanglement entropy for a QFT which is a relevant deformation of the CFT, and for an entangling surface that is slightly deformed and in a weakly curved background. The computation relies on perturbatively expanding the action appearing within the path integral defining the reduced density matrix, and correspondingly perturbatively expanding the von Neumann entropy of the reduced density matrix. In Sec. 2.3, we found the universal entanglement entropy arising from a relevant perturbation to a CFT, up to second order in the coupling (see Eq. 2.33). In Sec. 3, we studied the universal entanglement entropy arising from geometric deformations. Several puzzles remain.
Geometric perturbations at second order
Most pressing is the tension between the form of the result a perturbative calculation for geometric perturbations must give (3.12) and Solodukhin's expression (3.14). The extensive checks that (3.14) has undergone leads us to believe that the perturbative calculation is missing something. Yet, at the same time, while an explicit second order calculation for geometric perturbations involves many subtleties and has room for error, the arguments leading to (3.12) are far more general. Indeed, essentially the only thing assumed to find (3.12) is that entanglement entropy can actually be computed perturbatively via (3.2). For instance, in Sec. 3 we did not even assume any particular form for the relation between δS and δρ. While one can certainly choose to question the validity of any perturbative calculation of entanglement entropy for a deformed plane, it would be odd that the first order result matches (3.14).
An extra boundary term?
It appears to us that the most promising resolution would be that there is an additional boundary term, residing on the entangling surface, that is in some sense "nonperturbative". This term would need to be added to the perturbative calculation, so that the perturbative expression (3.12) combined with this new boundary term, yields Solodukhin's expression (3.14) . It is especially intriguing that the perturbative expression (3.12) is just the Weyl tensor, without the additional combination of extrinsic curvatures terms one finds in (3.14).
More generally, it is an open question if the textbook procedure of computing entanglement entropy as the von Neumman entropy of the reduced density matrix for a subregion is in itself well-defined and unambiguous. In the context of gauge fields, a piece of a Wilson loop cutting across the subregion is not gauge invariant; the placement of charges on the boundary of the subregion provides a cure [39, 40] . Indeed, even in the context of other fields, ambiguities arise. To actually compute entanglement entropy, one must introduce a UV-cutoff. Once this is done, one must address how to treat the algebra of observables residing on the boundary [41, 42] (see also [43] ). In the context of non-minimally coupled scalars, there is again a puzzle. In the continuum, entanglement entropy is clearly the same for the minimally and non-minimally coupled scalar, as the stress-tensor has no impact on the spectrum of the reduced density matrix. Yet, in the continuum the entanglement entropy is infinite. The UV cut-off one must impose to regulate it is sensitive to the definition of the stress-tensor. The difference between the modular Hamiltonians for the minimally and non-minimally coupled scalars is a boundary term. Taking this seriously, one finds that the minimally and non-minimally coupled scalar give different entanglement entropies [13, 44, 45 ] (see also [46] ). An alternative is to insist that minimally and non-minimally coupled scalars give the same entanglement entropy [47] [48] [49] [50] [51] [52] [53] by arguing for a preferred choice of modular Hamiltonian [52] .
In short, it appears that universal entanglement entropy may be less universal than had been appreciated. While a log divergence is invariant under a change in the UVcutoff, the very presence of a UV-cutoff brings the physics of the entangling surface into play. It would be good to understand better and more generally what the correct boundary choices are, and the extent to which they are unique.
Contact terms
The expression for the change in entanglement entropy under a relevant perturbation with operator O consists of correlation functions with the insertion points of the operators integrated over the space (see Eq. (2.7)). A question which needs to be addressed is: should contact terms be included in evaluating this expression? In particular, at second order one needs to evaluate T µν OO . A contact term arises if T µν collides with O, leading to a correlator of the form OO .
15 Thus, the result for the universal part of entanglement entropy is sensitive to the inclusion or exclusion of the contact term.
Contact terms are in themselves something of an oddity. They arise when a new term needs to be added to a correlation function so that it becomes a well-defined distribution at coincident points (see, for instance, [36, 54, 55] ). The coefficient of the contact terms is found by demanding correlation functions satisfy certain consistency conditions, such as the Ward identities. Part of the obscurity of contact terms is that they defy a clear physical interpretation. It is therefore interesting that they may affect entanglement entropy.
While we would have otherwise expected contact terms should be included [13] , in deriving the second order result for entanglement entropy, (2.33), we in fact did not include the contact term. If the contact term were to be included, (2.33) would be replaced by a verifiably incorrect expression for the entanglement entropy.
Contact terms in the context of geometric perturbations, involving the collision of two energy-momentum tensors, must also be understood. In this context what is clear is that if one does not include any contact terms, then the resulting expression for entanglement entropy is not even reparameterization invariant. Though, for geometric perturbations, including or not including the contact term is currently a moot issue. As we have argued, there must be some contribution, one of an entirely different form than of those appearing in a perturbative calculation, that must be included.
A Evaluation of < KOO >
In the appendix we evaluate the integrals appearing in the calculation in Sec. 2 of the KOO contribution to the change in entanglement entropy under a relevant deformation. We start by deriving an integral identity that will prove useful. First recall that
Using this gives,
where x ij = x i − x j for i, j = 1, 2, 3. Differentiating (A.2) with respect to x 2 , one can establish an additional set of identities such as,
.
(A.3)
Free scalar field
For the computation of the entanglement entropy for the free scalar field we needed to evaluate KOO , given by (2.20) . Making use of the 3-point function (2.15) with
We now rewrite the integrand as follows,
Using (A.2) to integrate this expression over z gives,
Now we do the integral overȳ,
Next we note that
(A.8)
Introducing UV and IR cut-offs, we have for KOO ,
As expected, there is a log divergence only in d = 6,
CFT
Here we evaluate KOO for a CFT. Using (2.25) and (2.26), the integrand in (2.30) becomes,
(A.11) Next we rewrite the above expression as,
Using (A.2), one can integrate over z. The first two terms exactly cancel each other, while the third term results in
Substituting this result back into (2.30) and integrating subsequently overȳ, y andx 1 leads to, 14) where δ and are UV and IR cut-offs, respectively.
16 Note thatx 2 = x 2 = 0.
B Relevant perturbations: free fields
In section 2 we found the dependence of the universal part of entanglement entropy across a plane for a CFT deformed by a relevant operator, to second order in the deformation (see Eq. 2.33). In this appendix, we check (2.33) for the special case of free fields deformed by a mass term.
Fermion
In d = 4, the relevant deformation corresponds to a fermionic mass term, λ ψ = m ψ and O ψ (x) =ψψ(x). From the massless fermion two-point function
where γ µ are the Euclidean gamma matrices, we have
Comparing with (2.24), we deduce
. Substituting this normalization constant into (2.33), we get for Dirac fermions in d = 4,
in agreement with the literature.
Conformal Scalar
Similarly, one can consider a conformally coupled scalar in d = 6 that is deformed by a mass term. In this case,
with (2.24), we deduce N φ =
and thus find,
This is in agreement with the result for the conformally coupled scalar found in [45] . There, using the methods of [13] , one solves the entanglement flow equation (2.5) by computing the correlator KO for the massive theory, thereby giving a nonpertrubative expression for the entanglement entropy. Note that, as follows from (2.5), the minimally and conformally coupled scalar have different entanglement entropies as they have different stress-tensors [13, 45] (for a different interpretation, see [52] ). In particular, the stress-tensor of a conformally coupled scalar is given by 
C Geometric perturbations: second order terms
In Sec. 3, the form of the second order contribution to the universal entanglement entropy across a deformed planar entangling surface was found on general grounds. In this appendix, we explicitly compute the second order terms. Our notation and setup follow [11] , where the first order terms were found. Under a small change in the reduced density matrix, ρ → ρ + δρ, the entanglement entropy, S = −Trρ log ρ, undergoes a change, For geometric perturbations up to second order, we will only need the term shown in (C.1). 18 Next, we need to find δρ resulting from the perturbation h µν . Expanding the action gives,
17 Eq. (C.1) was derived in [56] [57] [58] and bears the name of the first law of entanglement entropy. In [56] [57] [58] the Hilbert space is fixed and the variation of the density matrix results from excited states close to the vacuum, |0 + |ψ . In our case the Hilbert space is in general not fixed. In particular, the vacuum state before and after the variation is not the same. This in turn results in a nontrivial δρ. Hence, (C.1) is just a generalized form of the first law of entanglement entropy, which also accounts for variations in the Hilbert space. 18 We ignore O(δρ 2 ) terms since they would give rise to nonlocal contributions; see the end of Appendix D for details.
where we made use of the definition of the stress-tensor. Inserting (C.2) into the path integral definition of the reduced density matrix yields,
where φ collectively denotes all the fields, N is a normalization constant, C ± are the two sides of (d − 1)-dimensional cut C with ∂ C = Σ, and φ ± are some fixed field configurations. Substituting δρ into (C.1) results in three terms that may contribute at second order,
and we analyze each in turn.
The δS 1 term is what was used in the first order calculation [11] . Here we use it to account for the second order terms in h µν . As follows from (3.1), there is only one such term h ij ⊃ x a x c K c il K l aj . Now using [11, 19] ,
where r is the distance between x and Σ, we find that [17] ,
Consider now δS 2 in (C.4). Unless x and x coincide, h µν (x) and h αβ (x ) will be at different points, and the expression for δS 2 will not be local. For instance, if x = x , then the curvature tensor R iajc and the correction to the induced metric δγ ij in (3.5) are evaluated at different points on the entangling surface. As a result, integrating out the transverse space leaves us with a double integral over the insertion points of R iajc and δγ ij . Such a term is not local by definition. Hence, the only way to generate a local contribution to the entanglement entropy is to consider the contact term in the three-point function KT µν (x)T αβ (x ) which identifies x with x .
The contact term associated with the merger of two stress-tensors was found by Osborn and Petkou [36] ,
where C is a linear combination of the three parameters that define the 3-point correlator of the energy-momentum tensor in a general CFT, c is defined in (3.8) , and the ellipses encode terms which will not be relevant for us. In addition,
We have used T µν to denote the energy-momentum tensor appearing in [36] , as their definition is slightly different from ours,
where W is the effective action. Using this definition, we can combine δS 2 with δS 3 ,
where in the last line we assumed that x = x is disjoint from the support of the modular Hamiltonian, K.
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Substituting (C.8), yields
Using now the tracelessness of K T σρ and symmetries of h 5 µναβσρ , h 3 αβσρ and h µν , the above expression can be simplified,
The result for the universal entanglement entropy at second order is thus given by the sum of (C.6) and (C.13). However, substituting d = 4, using (C.5) and noticing that in flat space
, it can be seen that the final expression will suffer from a number of pathologies. First, it will depend on the gauge field A i . Second, the result is not even of the form discussed in Sec. 3 as being necessary for an expression that preserves diffeomorphism invariance along the entangling surface. Indeed, comparing (C.13) with (3.4), yields
which contradicts (3.9). Finally, the contact term (C.8) introduces a new parameter C = c. 20 All of these things in themselves indicate the need for additional contributions.
D Self-consistency conditions
The modular Hamiltonian is known for a planar entangling surface for any QFT, and a spherical entangling surface for a CFT [59] . For other entangling surfaces, little is known about the modular Hamiltonian except that it is nonlocal [17] . In this appendix, we derive a set of self-consistency conditions that follow from the assumption that the density matrix is normalized, Tr V e −K = 1. These relations give intriguing hints about the structure of the modular Hamiltonian for general entangling surfaces.
Promoting the coupling constant to an external field λ(x) and differentiating the normalization constraint yields,
where the second equality follows from cyclicity of the trace, whereas the vacuum expectation value on the right side follows from the assumption that the field theory resides in the vacuum. Differentiating once more yields, Note that the variation of the modular Hamiltonian on the left hand side of (D.5) is completely general, and thus cannot be explicitly carried out without knowing the specific form of K. Yet, the right-hand side is just the standard correlator in a QFT, which vanishes if the field theory is conformal. Moreover, let us consider an alternative representation of (2. and similarly,
Equations (D.7) and (D.8) are as far as we will be able to get. Our findings suggest that δK/δλ and δK/δg µν can be replaced with O and − √ g T µν /2 within any connected correlator in general, and in (2.7) in particular. 22 However, we do not have a proof to believe such a replacement is generally justified, although it is worth noting that the above identities hold for any state, provided one uses the appropriate modular Hamiltonian for that state. If one assumes such a replacement is true, then it can be used to find a closed form expression for the second order term in a perturbative expansion of entanglement entropy for a deformed geometry.
Indeed, differentiating (2.2) with respect to the metric results in,
where for brevity we used the definition,
Substituting (D.9) into (3.2) yields,
with h's defined in (3.1). Replacing the derivative of the modular Hamiltonian with − T αβ (y)/2 produces a closed form expression for evaluation of entanglement entropy to second order in a given small deformation of the geometry.
23 This is the same expression 22 Note, however, that it would clearly be incorrect to identify ∂K ∂λ = O, as such an identification holds up to a non-local functional of the metric and coupling constants (which drops out of any connected correlator). 23 Eq. (D.3) provides additional support for this replacement, since it implies that T µν (x) δK δg αβ (y) is symmetric under µν , x ↔ αβ , y, and therefore δK δg αβ (y) ∼ T αβ (y) H, where H is some scalar operator. However, given (D.5) it is unlikely that H is non-trivial.
one obtains through a perturbative expansion of the definition of the von Neumman entropy in terms of the change in the reduced density matrix arising from a change in the action [11] . In particular, the first 3 terms in this expression are the same as in (C.4), whereas the last term is associated with O(δρ 2 ) in (C.1) and does not contribute to the universal part of entanglement entropy. Understanding the assumptions that went into (D.11) may help in better understanding the treatment of contact terms in the second order computation (Appendix C).
